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VARIATIONAL PROBLEMS ON
CONTACT RIEMANNIAN MANIFOLDS

SHUKICHI TANNO

ABSTRACT. We define the generalized Tanaka connection for contact Riemann-
ian manifolds generalizing one for nondegenerate, integrable CR manifolds.
Then the torsion and the generalized Tanaka-Webster scalar curvature are de-
fined properly. Furthermore, we define gauge transformations of contact Rie-
mannian structure, and obtain an invariant under such transformations. Con-
cerning the integral related to the invariant, we define a functional and study its
first and second variational formulas. As an example, we study this functional
on the unit sphere as a standard contact manifold.

0. INTRODUCTION

Chern-Hamilton [3] studied a kind of the Dirichlet energy concerning the
Webster torsion 7 of a 3-dimensional compact contact manifold, and a prob-
lem analogous to the Yamabe problem on conformal deformability to a constant
scalar curvature metric. Jerison-Lee [4, 5, 6] also obtained theorems in the
setting of compact strongly pseudoconvex integrable CR manifolds, which are
analogous to Aubin’s theorem for the Yamabe problem. Here, the scalar curva-
ture is the Tanaka-Webster scalar curvature *S of a nondegenerate, integrable
CR structure. Corresponding to conformal geometry in the Riemannian case,
Jerison-Lee [4] defined an invariant A (CR invariant) for a compact strongly
pseudoconvex, integrable CR manifold.

A contact manifold (M ,n) with a Riemannian metric g associated with 7
is called a contact Riemannian manifold. The notion of contact Riemannian
structure is wider than the notion of strongly pseudo-convex, integrable CR
structure, because the former satisfying the integrability condition Q = 0 (cf.
(2.1)) corresponds to the latter. Therefore, the research on contact Riemannian
manifolds has two aspects: the first one is to study contact manifolds with
the aid of associated Riemannian metrics, and the second is to give natural
generalizations of results on strongly pseudoconvex, integrable CR manifolds.
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The motivation of this paper is the following: Since there are so many
Riemannian metrics associated with a contact form #n on a contact manifold
(M, n), we want to find some proper one among them canonically related to 7.
One method of finding conditions of nice Riemannian metrics is to study varia-
tional problems and their critical points. Furthermore, in the study of a contact
manifold (M ,n), it is desirable to find differential geometric properties which
are independent of the choice of contact forms f7, f being positive functions
on M . So, we study gauge transformations of contact Riemannian structure.

One basic idea is to define the canonical connection, the torsion tensor and
the scalar curvature for a contact Riemannian structure, considering contact
Riemannian structure as a generalization of strongly pseudoconvex, integrable
CR structure. Then we can study variational problems related to the torsion
or scalar curvature, and we obtain an invariant under gauge transformations of
contact Riemannian structure.

§1 and §2 are devoted to preliminaries for contact Riemannian structures
and CR structures. In §3 we define the generalized Tanaka connection *V
for a contact Riemannian manifold generalizing the Tanaka connection for a
nondegenerate, integrable CR manifold. We get the torsion tensor T of *V.
In §4, the space of all Riemannian metrics associated with a contact form on a
contact manifold is explained.

In §5 we study a critical metric of the Dirichlet energy concerning the torsion
tensor *T with respect to deformations of Riemannian metrics associated with
a fixed contact form. In §6 we give the relation between the torsion tensor and
the generalized Webster torsion. Furthermore, as the referee kindly pointed out,
the method of adapted moving frames for the complexified tangent bundle, as
in Webster [18], is useful also for contact Riemannian structures. So, we give
the structure equations with respect to the complex adapted frame.

In §7 we study a condition concerning the torsion tensor, because it is related
to some interesting geometric properties.

In §8 we define the generalized Tanaka-Webster scalar curvature *S for a
contact Riemannian manifold, generalizing one for a nondegenerate, integrable
CR manifold. In §9, as a generalized notion of conformal deformations in
the Riemannian case, we define gauge transformations of contact Riemannian
structure. In §10 we obtain the transformation law of the generalized Tanaka-
Webster scalar curvature under gauge transformations. In §11 we obtain an
invariant under gauge transformations of contact Riemannian structure. The
existence of an invariant itself has an importance in the geometry of contact
structures.

In §12, concerning the integral related to the invariant obtained in §11, we
define a functional on the product of two spaces and study the first variation.
In §13 we obtain the expression of the second variation of the functional at a
critical pair.
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In §14, since the odd dimensional unit sphere is one of the standard models
of contact Riemannian manifolds, we study the behavior of the functional in
the neighborhood of a special critical pair, on the unit sphere.

1. CONTACT RIEMANNIAN MANIFOLDS

An m-dimensional manifold M is a contact manifold if it admits a 1-form
n' such that n’ A (dn')" # 0 everywhere on M, where m = 2n+ 1. By a
function or tensor field on M we mean a smooth one. We fix a 1-form 7
among {fn’: for positive functions f on M}, which is called a contact form
associated with the contact structure. Then we have a unique vector field ¢
such that

né =1, Lin=0, ie,idn=0,

where L¢ denotes the Lie derivation by £ and i ¢ denotes the interior product
operator by &. It is well known that there is a Riemannian metric g and a
(1,1)-tensor field ¢ such that

g, X)=n(X), 2g(X,¢Y)=dn(X.,Y), ¢X =-X+n(X),

where X and Y are vector fields on M. g is called a Riemannian metric
associated with 7. The next relation follows from the above.

#$=0, n(¢X)=0,
g(X,Y)=g(¢X,pX)+n(X)n(Y),
dn(X,¢Y)=-dn(¢X,Y).

Lemma 1.1. Concerning the Riemannian connection V with respect to g, the

Jfollowing hold:
(i) Ven=0, V£ =0, ¢V, =0;
(i) v, =0, V,¢; =-2nn;;
(lll) V,”3¢:¢j = _Vj”,';
(iii ) V.n,¢; and Vn.¢, are symmetricin i, j;
(iv) V¢ =0.
Lemma 1.1 is known. We give here simple proofs. (i) follows from 2¢, ;=

Vi, =Vn, V() =0 and &'¢, =0, where ¢, = g, ¢’ .
The first assertion of (ii) follows from the fact that volume element dM of
(M, g) is equal to (a constant multiple of) 7A(dn)" and that L,n =0 implies

Li(n A (dn)") = 0. To prove the second assertion of (ii), we first notice that
V’¢;61 = _¢rjvrr,j = —¢’]¢,j =-2n lmplles

(V,8;+2nn,)& =0.

Next we verify

(Vr¢; + 2nr’j)¢j = _¢ijvi¢jk =0
by using the closedness of d#n. Thus we get (ii).
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Since N N N
i 1 1]
Lo 1¢,k =L.(¢ ]¢jk) -¢ jL¢¢jk =0,
and L,¢" n, =0, we obtain Léqﬁ” =0. So, ¢" = g”gf‘¢,s implies
(V,-n,' + V[",-)(b; - (V,”j + Vj",)d’: =0.

Writing down dn(X,¢Y) + dn(¢X,Y) = 0 in the tensor components and
adding the result to the above, we get (iii’ ). (iii) follows from (iii’ ).
Finally (iv) follows from L,dn =0 and (iii").

An orthonormal frame {{,e ,e,} is called an adapted frame, if e, = ¢e_,
where a=a+n,and a,f,... run from 1 to n.

For tensor fields T = (T, ,-) and V = (Vij) for example, we use the following
notations: N o

(T;V)=T"V,; =¢"¢"T,,¥,

and ||T|* =(T;T).

For more details on basic properties of contact Riemannian manifolds, see
Blair [1], Sasaki [7], Sasaki-Hatakeyama [8], Tanno [12, 13], etc.

2. CONTACT RIEMANNIAN STRUCTURE AND CR STRUCTURE

Let TM be the tangent bundle of a manifold M and CTM be its complex-
ification. Let S be a subbundle of CTM and suppose that SNS = {0} , where
S denotes the complex conjugate of S. Then there is a unique subbundle P of
TM such that the complexification CP of P is written as CP = S+ S (direct
sum). P is the real part of S+ S. Also we have a unique homomorphism
J: P — P,suchthat J 2-_-1d , where Id denotes the identity, and

S={X-iJX;X e P).
{P,J} is called the real expression of S.
Furthermore, we suppose that M is an m-dimensional contact manifold

with a contact form 7 and that the above P is defined by n = 0. If the form
L (the Levi form) defined by

2L(X,Y)=—dn(X,JY), X,YeP,

is hermitian, then (M ,n,J) is called a nondegenerate, pseudohermitian man-
ifold. This condition is equivalent to the partial integrability condition of S:

(I(S),I($)] c I'(CP),

where I'(S) denotes the space of all sections of S. If the integrability condition
of S:
I'(S). T($ cI(S),

is satisfied, then (M ,n,J) is said to be integrable.
If the Levi form L is positive definite, then “nondegenerate” is replaced
by “strongly pseudoconvex”. A nondegenerate (strongly pseudoconvex, resp.),
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integrable pseudohermitian manifold is also called a nondegenerate (strongly
pseudoconvex, resp.), integrable CR manifold.

The notion of strongly pseudoconvex, pseudohermitian structure is equiva-
lent to the notion of contact Riemannian structure, by the relation g = L+n®n,
where the same letter L denotes the natural extension to a (0, 2)-tensor field
on M.

We define a (1, 2)-tensor field Q on a contact Riemannian manifold by

(2.1) Q) =V, b +EG YV, + 8,9, &, .
Proposition 2.1. Let (M ,n,g) be a contact Riemannian manifold. We define

J by J = ¢|P, where P denotes the subbundle of TM defined by n = 0.
Then (M ,n,J) is a strongly pseudoconvex, integrable CR manifold, if and only

if 2=0.
Proof. It suffices to show that the integrability condition
(2.2) [X —ipgX,Y —ipY]eI(S), X,YeI'(P),

is satisfied if and only if Q = 0. Since dn(X,Y) = dn(¢X,4Y) holds on
(M,n,g), we see that [X,Y] - [¢X,9Y) €T'(P) (and [¢X,Y]+[X,9Y] €
I'(P)) holds for X, Y € I'(P). Therefore, (2.2) is equivalent to

[6X,Y]1+[X,8Y]=¢[X,Y]-¢[¢X,9Y], X,YeI(P),
which is equivalent to
BlpX,Y — n(Y)E]+ dlX — n(X)E, 9Y]
=—[X-n(X)¢,Y —n(Y)]+[pX,8Y], X,YeI(TM).
That is,
(23) 8V, y; = 6V by — B Vby + 61V, 0,
“20,¢0 + (Vi +Vin) - (Vin; + Vi) =0.

Since dn is closed, the third and the fourth terms of the left-hand side of (2.3)
are calculated as follows:

_¢;Vs¢ik + ¢7<V:¢ij = ¢j'(vi¢ks + de’si) - ¢7<(Vi¢js + Vj¢si)
= V,‘('lj"k) + Vj(",’"k) - Vk("i"j)
+ 2¢ivi¢sj - ¢§Vk¢sj + ¢fvj¢sk .
Therefore (2.3) is equivalent to
(24) ¢-;(V,‘¢Sj + 'I,-V,-’?k = O,
which is equivalentto Q=0. Q.E.D.

Remark. If m = 2n+ 1 = 3, then S is 1-dimensional. So, the integrability
condition (2.2) is a trivial consequence.

3. THE GENERALIZED TANAKA CONNECTION

Tanaka [11] defined the canonical affine connection on a nondegenerate, in-
tegrable CR manifold. Generalizing this connection, we define the generalized
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Tanaka connection *V on a contact Riemannian manifold (M ,7,g) by
(3.1) Ty =Ty +n6,-Ven+&Vn,,

where the I“j.k denote the coefficients of the Riemannian connection V. The
torsion tensor *T of *V is given by

(3.2) ij'k = ,,j¢; - ¢j.,,k - Vjé‘nk + vkgi,,j + 2¢i¢jk )

Proposition 3.1. The generalized Tanaka connection *V on a contact Rieman-
nian manifold (M ,n, g) is a unique linear connection satisfying the following :
(i) "V =0, "V¢=0;
(i) "Vg =0;
(iii-1) *T(X,Y) =dn(X,Y)¢, X,Y e(P);
(iii-2) *T(&,9Y)=—-¢"T(,Y), YE(P) or Y eT(TM);
(iv) "Vy¢-Y=Q(Y,X), X, Y €(TM).
Proof. (i), (i), (iii-1) and (iv) are verified by (3.1) and (3.2). We show (iii-2).
The left-hand side of (iii-2) is

*T(é ,9Y) = ¢9Y + V¢yé s
where the second term of the last expression is calculated by using
Ve =V,ne" =29, +V,1)¢"
i i i
=20,-20n,-V<Lg,.
Thus (iii-2) is verified. Next, suppose that *V and *V' are connections satis-

fying (i)-(iv). Let U be a (1, 2)-tensor field which gives the difference between
two connections. Then we can verify that U vanishes. Q.E.D.

*

The Tanaka connection (in [11]) on a nondegenerate, integrable CR mani-
fold is defined as a unique linear connection satisfying (i), (ii), (iii-1), (iii-2)
and ‘V¢ = 0. So, our connection is a natural generalization. Notice that
Proposition 3.1 works for nondegenerate, pseudohermitian manifolds.

Proposition 3.2. On a contact Riemannian manifold (M ,n,g),
- 2 2
(3.3) 2" T)1* = |ILegl + 8(m — 1) = |L,g|I" + 8(m — 1)

holds. In particular, ||‘T||2 attains its minimum 4(m —1) ifand only if ¢ isa
Killing vector field.

Proof. By (3.2) and ¢ijer1i = —(¢;¢) = —(m — 1) we obtain

I*T)? = 2(VE|* + 2(m - 1).
By L.g =(V,n;+V,n,) we obtain

—
IL.gl* = 21VEI* +2V'E'V 1.
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Since V= 2¢ji +V;n; implies
(3.4) VEV = IvEP - 2(m - 1),
we get
2 2
IL:gll" = 4|VE|" — 4(m - 1) .

3?% L,¢,=¢"L.g, and &'L,g, =0, it is easy to verify | L,¢|’ = | L,g]’.

4. THE SPACE OF ALL ASSOCIATED RIEMANNIAN METRICS

Let M be a contact manifold with a fixed contact form #n. We denote the
space of all Riemannian metrics associated with the contact form n by .#(n).
We fix one of them and denote it by g. Let {g(¢)} be a curve in .#(n) with
g(0) = g. Then the structure tensors {¢(¢),&,n,g(t)} corresponding to g(z)
satisfying the following:

(4.1) g, (& =1,

(4.2) 2g,(087(0) =26, =V, — Y n,,
(4.3) $,(087(1) = =0 +&'n,.
We put

(4.4) g,(0) = g, +th +[1],
(4.5) $i(t) = 6, + o, + '],

where [t2] denotes a set of the terms of higher order (> 2) in ¢. Then 4 and
¢ satisfy the following:

(4.6) hE =0, ne;=0, ¢&=0,
(47) hi,—¢; + g[,(o; = os
(4.8) 0'6,+ 0] =0.
By (4.6)-(4.8) we can verify that 4 satisfies
(4.9) hU + h,3¢:¢j = 0’ ie. ’ 2hU = hlj - hrs¢:¢j ’
and ¢ is expressed as
i igr
(4.10) p;= —h,¢j.

By (4.6) and (4.9) we see that A is expressed as

00 0
(4.11) h=(0 B c)

0 C -B
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with respect to an adapted frame at a point of M, where B and C are sym-
metric n X n matrices.

Here (and in the following) we use the following notation:

(i) For h = (h,.j),h+ means (h));

(ii) For $=(S;;,) and T =(T;), S-T means (S,7}).

irtj

Proposition 4.1. Let {g(t)} be a smooth curve in #(n) such that g(0) = g.
Then h in (4.4) satisfies

(4.12) hE=0, h'¢p=—¢h".

Conversely, let h be an arbitrary symmetric (0,2)-tensor field on M satisfying
(4.12). Then {g(t)}, defined by

g)=g-e", —e<t<e,

is a smooth curve in # (n) such that g(0) = g.
Proof. It is easy to see that the two conditions hiré’ = 0 and (4.9) are equivalent
to (4.12). So, we prove the second half. By the definition of g(¢) we get
g)(X,Y)=g(X,e™Y), X, Y e(TM). We define ¢(¢) by ¢(t) = pe™ .
Then (4.12) gives

e1h+¢ _ ¢e—th* )

Thus, we can verify three relations (4.1)-(4.3), and hence ¢(¢), &,n and g(¢)

are structure tensors corresponding to g(¢). Q.E.D.

Remark. (i) For a smooth curve {g(¢)} in .#(n), the volume element dM(¢)

is equal to dM . This corresponds to the fact that # A (dn)" is unchanged.
(ii) Let A = (A;.) be an arbitrary (1,1)-tensor field on a contact Riemannian

manifold (M ,7,g) such that 4 =0 and 4,; = g, 4} is symmetric. Then £

defined by h* = A4 + ¢A¢ satisfies (4.12).

5. THE DIRICHLET ENERGY E(g)

Let M be a compact contact manifold with a fixed contact form n. We
notice here that a contact manifold is orientable. For each g € .#(n) we
associate the generalized Tanaka connection *V and we consider the Dirichlet
energy [, ||'T||2dM . By Proposition 3.2 (cf. also Proposition 6.1 below), it
is equivalent to consider the following

(5.1) E@) = [ Ll dn .

This Dirichlet energy was first studied by Chern-Hamilton [3] in the case of
CR manifolds of dimension 3. Since this integral has a natural meaning also
in contact Riemannian manifolds of general odd dimensions, we study critical
metrics g of (5.1) with respect to deformations in .# (7).
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Let {g(¢)} be a curve in .#(n) with g(0) = g. We follow the notations
used in §4, and put g(¢) and ¢(¢) as (4.4) and (4.5). Now we calculate the
integrand of E(t) = E(g(1)).

IL g = (8" = th")(&” — th”)(Lyg,, + tL;h, )(Lyg,, + tLeh,) + (1]
= |L gl - 21(h"g" L,g, L8, — (Lh; L&) +1[t].
We show hi’gj‘Légichg,s =0. By (4.9) we get
20" ¢ Log, Lyg,, = (W — h g, 80) (V.1 +V m)(V,& + V1)
which vanishes by Lemma 1.1. Therefore we obtain
dE d
0 =% ([ 1Lewramo) @ =2 [ whizgam.
By Stokes-Green’s theorem we obtain
[ wehsryant = [ &V, + V& R+ Y ERTE + Ve db
= [ -h 9 (0 + 9
M
+ (V& +V E R ) (V'E + VN dM
- / h [~V (VE + V) 429 E(V'E +VEN M
M
By Lemma 1.1 and (4.9) we obtain
2k (& (V'E + VIEN = = (b= hy$4)E Y, (VE +VE)
= —2h &V (V'E +VE,

20,V,E(V'E + V¢
= (hy; = hy 8767V, (V'E + V¢
= hV,E(V'E +VE) + hyd, Vo, 6(V'E +97E)
= WV (V' + V)~ v (V& + V')
=2k, (V'E + V).
Therefore, summarizing the above we obtain
(5.2) ‘fi—f(O) -2 /M(h \V,Leg - 2L,g-¢)dM .
Now we prove the following.

Theorem 5.1. Let (M ,n) be a compact contact manifold. Then an associated
metric g € # (n) is critical with respect to (5.1) if and only if

(5.3) VL.g=2L.g¢.
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Proof. Assume that E is critical at g. We define # by
h= VL& - 2L:g ‘P .

Then A is symmetric and A*¢ = 0 holds. Furthermore, we can verify that
h*¢ = —ph* holds. By Proposition 4.1, we see that g(f) = g - e™ defines
a smooth curve in .# (). We apply (5.2) to this deformation to get 2 = 0.
Q.E.D.

g € #(n) is said to be E-critical if g is a critical point of the functional
E.

Remark. The condition (5.3) of our Theorem 5.1 is different from the condition
(for m = 3) obtained by Chern-Hamilton [3, p. 299]. This is because [3, p.
289, (36) ... ] contain unhappy small errors.

Remark. Blair [2] proved the following: Let (M ,n,g) be a regular compact
contact Riemannian manifold. Then g is E-critical if and only if ¢ is a Killing
vector field.

Proposition 5.2. g is E-critical if and only if

(5.4) R, & =2g,;-2nn,-V,.nVn,
Proof. The left-hand side of (5.3) is written as
&'V, (Leg) =&V, (20, +2V,n)
r
=20V, Vin,
r ps r
= 26 Rjir"s - 2Vzé Vr"j 4
where we used the Ricci identity. On the other hand,
26(L;g,;) = 2,24, + 29,1,)
= - 4(g,'j - '7,'77]') + Z(V'"i - Viér)vrr’j'
Thus, we obtain (5.4).

Corollary 5.3. Suppose that g is E-critical. If |V &|| = ||V, &|| holds for unit
vectors X, Y in P, then the sectional curvatures satisfy K(&,¢X) = K(&,¢Y).

Proof. By (5.4), it suffices to notice the following:

UV 808y = Vo,V 08" =V 0,8

6. THE GENERALIZED WEBSTER TORSION
Let (M,n,g) be a contact Riemannian manifold. Let {{,e ,e,} be an
adapted frame field (locally defined). The dual frame to {{,e,,e,} is denoted
by {n,w®,w"}. In this section we show that the Webster torsion 7° can be
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also defined for (M ,n,g). First we notice that the torsion tensor *7 of the
generalized Tanaka connection is written as

* i | R i
Tjk = Eg (L{grk"j - Légrj”k) +2 ¢jk'

Then we see that the components of “T with respect to an adapted frame
{&,e,,e.} are given by

ap Bo ap?
the others = 0.
Now we put
0":%(w“+iw&), i=v-1,
E = L(e —ie.)
a \/f a a’?

and 6% = 6°, E, = E_a Then the torsion of a nondegenerate, integrable
pseudohermitian structure defined by Webster [18] is

o = (d6°(&, Ep))6”.

This is well defined also in a contact Riemannian manifold. Let (w,{) be the
connection form of V with respect to {{,e ,e.}. Then dB"(é,EB) is given
by

2d6°(&, Ep) = — wy(&) + wi(&) +wy(e,) — wy(ep)
+ i{—wy(&) — w3(&) + wy (ey) + wg ()}
By wj(X)=w’(Vye,), V;6=0and V,n, = ¢, +(1/2)L,g,; , we get

(6.1) 21" = {(L,8)(e, . ) + i(L;8)(e, , €5)}67.
Thus, we get the following.

Proposition 6.1. In a contact Riemannian manifold (M ,n,g), the relation be-
tween the generalized Webster torsion t = (1*) and *T is given by

(X)=0°['T(&,X)], Xel(CTM),
and the norm of t is given by
n
o 1
Iell® = 23 I I* = 3llLeel” -

Remark. Since the language of adapted moving frames for the complexified tan-
gent bundle, as in Webster [18], is useful also in the case of contact Riemannian
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manifolds, we give the structure equations with respect to {¢,E_,E_ }. First
we get ¢E =iE_, g(E,,Ep) =6,, and

(6.2) dn = -2i6" A 6°.

By (w{;) we denote the connection form of V with respect to {{,E_,E_ }.
Then V.7 =0 and V£ = 0. imply wz(é) = w)(é) =0. By Vb =0, we get
w3(¢) = @3(¢) = 0. Hence, we can put

wy = B;Bﬂ + A;Hﬁ = —wg,
a a aY a Y
COB = CB}’G + CB?O .

Here, we can verify that B; = —i(SZ . A; is determined by (6.1). We use the

notation A,; = A3 and 4, = Z;; Then we can verify that 44,,6° ® 6 =

L.g—iL.g-¢. Now, our connection “V is expressed by ‘wz = ‘w{, =0 and

(6.3) d6° = 6 A"y + 68 A0+ ATt

where 'w‘; =o'+ ié;'n, 'w‘; = w; and 1* = A}GB.
The referee kindly pointed out that Theorem 5.1 can be easily proved by
using (6.3). In this case, we notice that (5.3) is equivalent to ‘Van 5= 0.

7. A CONDITION CONCERNING T

Concerning the torsion tensor *T, we consider one condition Vé*T =0,
because it has some geometric meaning. First, we prepare a lemma.

Lemma 7.1. In a contact Riemannian manifold, sectional curvatures K(&,X)
and K(&,¢X) satisfy the following:

K&, X)~K(&,6X) = ~(V,L,8)(X,X)
for a unit vector X in P.
Proof. By the Ricci identity and Lemma 1.1 we get

(7.1) 2Rirjs§’§s = —2ansVsr7i - {SVS(erIi +V.n,).
Operating ¢;¢i to (7.1) and using Lemma 1.1, we obtain
2Rirjs¢rfs¢f1¢i =~ 2ans¢ivsni¢fl - ¢£¢i€5vs(vf”i + V,»’?,-)
= =2V 0,8,V 0,6, + YV (Vi + V1)
= -2V, + &8V (Vyn, +V,1,)

Therefore we obtain
(71.2) R, & —R,, 800 =-EV,(Lg,),

which completes the proof.
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Proposition 7.2. In a contact Riemannian manifold, the following five conditions
are equivalent:

(i) V{T =0;

(i) V,V¢{=0;

(iit) VeL.g=0;

(iv) K¢, X)=K(&,¢X), XeI'(P), |X]|=1;

(v) K(¢,X)=K(&,sin6X +cos0sX), X eI'(P), | X||=1,0<6<m.
Proof. Assume that V€‘ T =0. Then applying Lemma 1.1 we obtain

0= fSVs((ﬁ;;ﬂj - ¢j”7k - ijiﬂk + Vkéi”j) = 'fsvsvkéiﬂj - ésvsvjéiﬂk .

Since &'V, V &'¢ = &'V EVE =0, weget £V V, & =0. So, (i) and (i)
are equivalent. Since

Vin,+Vm,=2Vn,+2¢,,
and V¢ = 0, we see that (ii) and (iii) are equivalent. By Lemma 7.1, (iii) and
(iv) are equivalent. It is easy to show that (iv) and (v) are equivalent. Q.E.D.

Proposition 7.3. Let (M ,n,g) be a contact Riemannian manifold with V{T
=0.

(i) Let X be a unit parallel vector field along a trajectory (wWhich is geodesic)
of & such that g(&,X) = 0. Then the sectional curvature K(&,X) is constant
along the trajectory.

(ii) Ricci curvature Ric(¢,&) is constant along each trajectory of &, and is
equal to 2(m—1) — ||Vé||2.

Proof. V,V{ =0 and (7.1) imply

(7.3) EV,R, € =0.
Let X be one satisfying the condition of (i). Then (7.3) implies
EV (R, £EX X)) =0,

which proves (i). Contracting (7.3) with g, we get ékaR,sé’és = 0. This
proves the first part of (ii). The second part follows from (3.4) and (7.1). Q.E.D.

Corollary 7.4. Let (M ,n,g) be a 3-dimensional contact Riemannian manifold
with Vf'T = 0. Then, for each point x of M, the sectional curvature K (&, X)
is independent of the choice of X in P at x. If we denote this value by k(x),
then k is constant along each trajectory of &.

8. THE GENERALIZED TANAKA-WEBSTER SCALAR CURVATURE

We calculate the curvature tensor of “V. Let W be the (1, 2)-tensor field
expressing the difference between *V and V:

i * i i
ij= rjk_rjk'




362 SHUKICHI TANNO

Then

i i i i PR PR
Rjkl = Rjkl + VkWIj - VIij + WIjWks - ijWls .
Therefore we obtain
* ] i i i j

B.1) "Ry =R+ V8 = V8, + 20,8y

-V E N+ 6,V E i +EV, e n -V o,

i s ins i i

RN —CRym +V &V, -V V.

Contracting the above with respect to i and k, we obtain
* ) TS r
Rj=Rj+2g;—2nm-nR,C -R,,,¢C-VnVE .

Since *Rj,éj {l = 0, we define the generalized Tanaka-Webster scalar curvature
*S for a contact Riemannian manifold (M,7,g) by *S = g’'*R ;1 (cf. Tanaka

[11, p. 186], Webster [18]). By (7.1) and (3.4), we obtain

V Ve =R EE =-2m—1)+|VE|*.
Thus, we obtain
(8.2) 'S=S-REE +4n,

where S denotes the scalar curvature of (M, g).

9. GAUGE TRANSFORMATIONS OF CONTACT RIEMANNIAN STRUCTURE

Let (M,n,g) be a contact Riemannian manifold and let ¢ be a positive
function on M . We consider a new contact form 7 = on and define structure
tensors (¢,&, 2) corresponding to 7 under one condition:

(+) For each point x of M, the actions of ¢ and ¢ are identical for P,
(i.e., the subspace of 7. M defined by n=0).

By calculating d# = d(on), we obtain

9.1 2¢[j=ainj—ajni+2a¢ij,

where ¢, = V,0. By Eiéij =0, 7¢ =1 and (9.1), we obtain &g = (1/0)éa,
and

g _ L 1k j
(9.2) & —aé +202¢ja .

So we define ¢ by ¢* = (1/20)¢’c’ and get
sl ok Lk
&=—e+0h.

By ¢~>Uq~5jk = -6 + &4, and ﬁjq;jk =0, ¢’* is determined:

ik 1 jk
(9.3) ¢’ =;¢J .
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Now, by condition (x) we can put ¢ ji = d)j. + vir] ; for some vector field v on
M. By 7i¢,/ =0 and ', = -6, + &, v is determined:
i b i
v =5-(0-¢o-8).

By the expressions of ¢, and 43; , we obtain

5 2
& =0(8;—m;=Lm)+ole—1+|CInn; .
The inverse matrix (§’*) of ( g;) is given by

jk

P e -0 @ O+ .

The last relation is rewritten as

9.4) o(g* - P&y =g ek

Summarizing the above we obtain the following.

Lemma 9.1. Under condition (x), a gauge transformation n — i = on of a
contact form n induces the transformation of the structure tensors of the following
SJorm:

i _ 1 i i i_ 1
é_a,(é +C)a C_zo_ ja’
i 1 .
B =8+ 50"~ Ea -y,
5 2
g=o0(g;—ns;—¢m)+a(a—1+]|L)nn; .

We call the transformation of the structure tensors given by Lemma 9.1 a
gauge transformation of contact Riemannian structure.

10. THE GENERALIZED TANAKA-WEBSTER SCALAR CURVATURE UNDER
GAUGE TRANSFORMATIONS

Let f and f be two functions on a contact Riemannian manifold
(M,n,g). We define an operator A, acting on the space of functions by
using the Laplacian A and &:

Apf=Af-8f= (8" -E&)VV 1,
and (df;df’), by

(df;df'), = (8" -&E)WV v, 1 .

Furthermore, ||df||f, means (df ;df),, which is equal to ||df||2 —(EN7.
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Theorem 10.1. Let (n,8) — (ij = on,&) be a gauge transformation of con-
tact Riemannian structure. Then the transformation of the generalized Tanaka-
Webster scalar curvature *S is given by

(10.1) o'5 = s-’”—“A m%;n_—a”da”;

Proof. Since g, ; in Lemma 9.1 is complicated, the direct calculation is some-
what difficult. So, we give here a method of better calculation, showing some

essential steps. Geometric quantities corresponding to g are denoted by ~.
We define W by

-r

[ =i
W, =T, -T,.

Jjk Jjk
Then

=i 1.ia,o N .
u/;lk = Eg (ngak + ngaj - Vagjk) .
The Ricci tensor R il is given by
R,=R,+V W/ V, + W, - W, W,
Transvecting the last equality by g - é’ é and using (9.4) we obtain
S = #igl j ol T
(102)  o(S-REE)=S-REE +(g -&&)WV W,
— (g -V + (g - EEWW,
- (g - ww,
Step 1. The third term of the right-hand side of (10.2) is
1
(g -&eHv, —V( ( é’é))+V(§’€)
First we calculate the followmg
wig' - = ~"'( V.8, + V80— V&)o@ - EE)
=08"v,g,(&" -&&) - -ag"’v g, (&' -&¢&)

%
= og" [Vg(—é" z,) =) ( -2¢)) 2]

After calculation we obtain

" j[_j]_m"l 'r_m—lr
(10.3) Wig" -¢¢)=—-¢c0-¢ 55
and

el iy m—1 2 m-—1
(10.4) V.(W,(g" -&¢)) = —2—0-2—||d0||p ~ 5540

Next, calculating
J el \NTar Jyl ~ra ~ ~ ~
Vr(é 4 )u/[_, = V,é 44 (Vlgaj + nga[ - Vagj[) ’
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we obtain
(10.5)
VT = 10+ LIV, + S50 U0V,

—2m = 1)(o — 1+ 1) + 20V, 1,V n, + 26, V0

+ 2OV (VL + V0 (1= K T,
Step 2. The fourth term of the right-hand side of (10.2) is

~(g" - W = 4" - WV (& 8,

By a direct calculation we get

Y m+1

(10.6) g ngm= e ;.
Therefore

il i elver Tir m+1 m+1 2
(10.7) -(g" -V W, = 53— A0 + >0 ldo|l, -

Step 3. The fifth term of the right-hand side of (10.2) is

(m+1)(m-1)
4g°

(10.8) (&" - &ENT W, = - I4a1l;

by (10.3) and (10.6).
Step 4. The sixth term of the right-hand side of (10.2) is
Y
- (¢ —é’c)W,‘,W,’
x ~sa ~rb x =5arb
= 1" -&eNv,8,v,2" +29,2,9,8,878" - 29,£,9,8,878").

The right-hand side of the last equality is calculated as follows:

( f’é) 2,v,8"
m+3

&I

(z a- L1yl ) 1vel
1 . r_s 2 1or Les
+ (1 - ‘5) (VE; VL) + Ef o'V, - %IIVCII +20vien Ve

1 2\ pr s 1 2
= 5o(@+ 1+ ICPEV 60,78 + IV I,
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~sa ~rb

il g
2(g -&éwv, 2 V88 &

=22 [1ael + (5 - 1) o’

(2i<a— D+ IE17) 19817 + 21 - 0)(%&590)

[ (0= 1% + U] 19,807 + 519
L -V &+, - 20V, - ZEe - UV,
a g ]
5 a 1 r S e=a
F OV ALV o (L4 PV,
¥ 5‘—20 — o)V + 5‘—(2:" ¥ c“>vac,c"v,,c’

+—z‘CCV’7sC(5 + )V, + (1+IICII DS AN

~sa .rb

1 N N
- 5(¢ L Ev,8,V,8,878
1 1
= -5 ldalp + ;o'EV,n,

alé oV +LET0) = 2T, 9% + 2V, 9,0

g L+ I V0,89, — 09,0 V%,

= IV + L+ VLI
S+ IDEET) = U@+ OV
Since V,{" = —(m — 1)é5/20 , we obtain
— (¢ - T, = Z PNl + 10, O
- I, = 5o LTV, - LT,
R R R TR R AT AR AT

( il )nvccu .

(10.9)

Step 5. Since
(V 1,9, =1,V 1) = =2, 9,n, + 6.V,1,)0°C
b
(Vb’,a + Va"b)aac 9

b

1
o
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etc., summarizing (10.4), (10.5), (10.7)-(10.9), we get
o(§-RE&E) =5-REE - 2m-1)(a-1)
m+1 m+1)(m-35
-2t e - o,

from which we obtain (10.1). Q.E.D.

If we define u and u by
2/n _ 4(n+1)

o=u", MU T

then (10.1) is written as
(10.10) —phpu + " Su ="Su"I"

This corresponds to the identity for a strongly pseudoconvex, integrable CR
manifold by Jerison-Lee [4]. 5

Suppose that some constant *S is given. Then solving u satisfying (10.10)
on a contact Riemannian manifold is a problem corresponding to the Yamabe
problem in conformal geometry.

11. A GAUGE INVARIANT OF CONTACT RIEMANNIAN STRUCTURE

In this section we obtain an invariant by gauge transformations of contact
Riemannian structure. This is a generalization of an invariant for strongly
pseudoconvex, integrable CR structure obtained by Jerison-Lee [4].

Let (M,n,g) be a compact contact Riemannian manifold. We consider
n — ij = an and follow the notations in §10.

Lemma 11.1. For a function f on M,

(11.1) Apf=(—17-APf+£§(da;df)P.
Proof. By definition of A, and A, we obtain
Af=(8"-&&)WY, 1,
= (" - &NV, L, - WL
=6 r- e -eewiy,.
Applying (10.3) to the last line, we get (11.1). Q.E.D.

We put ¢ = u*/" as before and p=2+2/n. Then cﬁ? = u’ dM follows.
For a nonnegative function f on M, we define f by f = f/u. Then

(11.2) /i’ﬁ?:/ fdM .
M M
Lemma 11.2. The following equality holds:
(11.3) —pA, f+ Sf=u'"P(—pA £ +7SS) .
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Proof. Calculation is straightforward by using (11.1) for /SP and (10.10) for
*S. Q.E.D.

By (11.3) we see that
(11.4) L(—uipf+‘§f)fﬁl= /M(-uAPf+‘Sf)fdM
holds for any nonnegative function f on M . Since
(1L.5) | 8pr-san=- [ yasiianm,

M M

we define Kin.g) by

(1L6) K, , = inf{/M(uudfni +°SfdM:f >0, /Mf"dM - 1}.
Then (11.2), (11.4) and (11.5) imply the following.

Theorem 11.3. Let (M ,n,g) be a compact contact Riemannian manifold. Then
Kin.0) is invariant under gauge transformations of contact Riemannian structure.

Remark. For the related results on strongly pseudo-convex, integrable CR man-
ifolds, see Jerison-Lee [4, 5, 6].

Theorem 11.3 shows some importance of the integral given in (11.6). We
study this integral in the following sections.

12. THE FIRST VARIATION OF THE FUNCTIONAL F(”)

Let (M ,n) be a compact contact manifold. By & (p) we denote the space of
all functions on (M ,n) satisfying f >0 and [, f?dM =1, and we consider
the following functional:

F,:#(n)xZ(p) - R,
Fo8:0) = [ il + S .

As a special case, fixing g, we consider the functional: F(

defined by F, ..(f) = F, (g.f).
Let {g(#)} and {f(¢)} be smooth curves in .#(n) and & (p) such that
g(0) = g and f(0) = f, respectively. We calculate dF(t)/dt at t =0, where

F(t) = F, (8(8), /(1)
(12.1) F(O) = [ tule”(0) - £€)9,S09,£0)
+(S(t) - R,;(E'E +4an) f(1)"1dM .

We put

(12.2) g, () = g, +th; +[1],
(12.3) ft) = f+ty +[].
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Then [, f(t)’ dM =1 implies
(12.4) / P lydMm=0.
M

h, =0 and (12.2) imply (cf. (13.3) and (13.4) below)

g’ () =g" -’ +171,

S(t)=S+1V'V'h, KR +[],
t r r r 2
R,(0) =R+ 5(V,V,h;+V,V b =V, V'h) +[] .
Noticing that #, & =0, we get
—(V,VH+V VR -V Y h)EE =ah"V g +2V RV,

and hence we obtain

(12.5) %(0):2/ (-uAPf+'S/)de+/ (h;N)dM,
M M
where, putting b=2-pu=-2(n+2)/n, N=(N;) is defined by
N, =2fVV,f+bV.fV,f - R, +2f'V 14, - 4V (f Lsg,) .
Since h,& =0, we obtain (h;N) = (h;N'), where
N;=2fVV,f =20V, [+ 0,V V.0)+2f5f - nn;

+ bV SV, f = bEf(V . f + 1,V )+ bES) nm,

- (R, - R, & n;— R, &, + R EE )

+21*V 1.8, - 4V, (f Lg,) .
By (4.9) we get (h;N') = (h; H), where 2H,; = (6;6; - ¢;¢;)N,'S ,ie.,

(12.6)
2H,, =2f(VV,f - V,V f$:6)) = 2f& (n,V,9 f + 1,9,V )+ 2f&f -n;n;

+ (VY f =V SV S8~ bES (9, +0,9.0) + bES) nm,
— f(R;;— R, #i6; - R,&n; — R, &+ REEm)
+2f'L,g,4,-EV,(f Ls,),
where we have used ng,s¢;¢; = -L,g,;, etc. (12.5) is now
(12.7) ‘%(0):2/ (—uA,f+'Sj)de+/ (h;H)dM .
M M

Proposition 12.1. For a compact contact Riemannian manifold (M ,n,g), the
Sfunctional F(,,) is critical at the pair (g,f), ifand only if g and f satisfy

(12.8) —pA f+ 8f =cf",

(12.9) H=0,
where c is a constant and H = (H,;) is defined by (12.6).
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Proof. Suppose that g and f satisfy (12.8) and (12.9). Then (12.7) implies
that dF(0)/dt = 0 holds for any y satisfying (12.4) and for any A coming
from {g(¢)}. Conversely, suppose that F, is critical at the pair (g, f). We
define a constant ¢ by

c=/ (-#A,,f+‘sm*"“dM// 2 am
M M
and a function ¥ by

w=—pAf+ Sf—cf.

Then [, f*~'wdM =0 holds. Let {f(z)} be a curve in F(p) to which y
is tangent. We define 4 by h = H, where H is defined by (12.6). Let {g(¢)}
be a curve in .#(n) to which 4 is tangent. This is possible by Proposition 4.1,
since h satisfies (4.12). Then (12.7) gives

Z—F(0)=z/ a//y/dM+/(h;h)dM.
t M M

Hence we obtain w =0 and H=0. Q.E.D.

Remark. For a standard contact Riemannian structure (7,g,) on the unit

sphere (S™, &) With m=2n+1, Fm is critical at the pair (g,, f,), where

fo= (vol(S'",gO))_'/". In this case, *S =4n(n+1) and ¢ =4n(n + 1)}52"”.
Proposition 12.2. Let (M ,n,g) be a compact contact Riemannian manifold
with constant *S. Then the functional F, is critical at the pair (g, f) with

f=(vol(M,g))"""”, if and only if

r s r r 1)
(12°10) Rij - Rrs¢i¢j - R,’,é ’7j - Rj,é ’7,‘ + R,-SC é "i"j

=2L.8,¢,— ¢V, (L:g;) -
Proof. Since f is constant, the condition H;; = 0 in (12.6) is equivalent to
(12.10). Q.E.D.

Corollary 12.3. Let (M ,n,g) be a compact contact Einstein Riemannian man-
ifold such that & is a Killing vector field. Then F,, is critical at the pair (g, f)

with f = (vol(M,g))~ /7.

Proposition 12.4. Let (M ,n,g) be a compact contact Riemannian manifold.
Then g is a critical point of the functional |, *SdM on #(n), if and only if
(12.10) holds.

Proof. In the above discussion, if one puts f(¢) = constant in (12.1), then the
proof is complete.

Remark. If m = 3, the condition (12.10) is equivalent to the fact that ¢ is a
Killing vector field. In fact, let X be a unit vector in P. Transvecting (12.10)
with X'¢/X" and using (7.2), we get

Ric(X,¢X) — g(X,R(¢X,8)¢) = — (L 8)(X, X),
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where Ric denotes the Ricci tensor. Putting X = ¢, , etc., we see that Leg =0
holds. To prove the converse, assume that ¢ is a Killing vector field. Then,
considering a fibering U — U/¢ of an open set U of (M ,n,g) and noticing
that the dimension of U/¢ is two, we see that the Ricci tensor is of the form
Ric=ag+bn®n (cf. [12, p. 313]). So, both sides of (12.10) vanish.

13. THE SECOND DERIVATIVE OF F(¢)

Let (M, g) be a Riemannian manifold. For a 1-parameter family {g(¢)} of
Riemannian metrics such that g(0) = g, we put

(13.1) g,;(t) = g +th + 'k +[£],

where (h;;) and (k,;) are symmetric. The inverse (g"(t)) of (g,,(2)) is given
by

(13.2) gl =g" —th’ + F(n7 - k) +11),

where k" = g"g”k , etc. We define W}, (1) by

rs?
Wje(t) = Ty(t) = T
Then
W) =LV h +V.h -k
jk(t)"'j( et Vi = jk)
2
t . . . .
+ 50V ki + Y,k = V'hy) = B (V by + Tk, = VR )1+ [£'].
Calculating
Ry/(1) = Ry + V, W/ (0) = V,W(t) + W) We(t) = WO Wpe(t) + €],
and g’ ()R;(t), we obtain
(133) Ry/(t) = Ry + 5(V, Y/} +V,9 4 —V,V'h; — V9 1)
2
+ G2V, VK 29,9 k) -2V, V'k; ~ 2V, V K]

-20"(V, Vb + Y,V by~ V.V, —V Y k)
—2Vh(Vih,;+ Vb =V b)) + VRV B
+V h(Vh +V h -V h)

+2V,h V' k) - 29,h V'] +[F],
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(13.4)  S()=S+uV'V'h, —-V.V'h,—h"R,)
2050rj ij I ] rys
+[hh" R — k"R, +V'V'k, -V V'K
ij r r r
-h'(V VR 4V K -V YV, —V V)
S ar sr a l Se=lza
= VAT + VRV g~ 2V KV R
3 2 1 ri 3
+ZIVAI" - gvrhsivsh 1+

Let (M,n,g) be a compact contact Riemannian manifold and let {g(¢)}
be a curve in .#(n) such that g(0) = g. We put g(¢) as (13.1) and ¢(¢) as

(13.5) g1 =0, +19)+ L0 +[F].

Since the structure tensors {¢(¢),7n,&,g(¢)} satisfy (4.1) ~(4.3), we obtain
(4.6)-(4.8) and

(13.6) k& =@ =19, =0,
(13.7) D, +h, 05 + k6, =0,
(13.8) 6@+ 9,0, +D,4,=0.

In §4, we verified &, + h. $;¢; = 0 and h:¢; = —-¢£h;. Furthermore we get
9,;=¢; and

(13.9) 0,0, =h,h

1400 B
Operating ¢}, to (13.7), we obtain k,; = @, ¢’ + h, h’. Applying (13.8) and
(13.9) to the last equality, we get k,, = —¢,.,<I>;., and hence @, = —¢:krj.
Therefore we get k;; + krs¢f¢; = h, k. Summarizing the above we obtain the
following.

Proposition 13.1. Let (M ,n,g) be a compact contact Riemannian manifold
and let {g(t)} be a curve in #(n) such that g(0) = g. If we put g(t) as
(13.1), then we get

i i ir 2, iy 3
¢j(t) = ¢j - t(hr¢j) +1 (d’,kj) +[7].
Furthermore k; ; satisfies

(13.10) 2k;; = k;; - krs¢:¢; + hirh; ’

1

and hence 2k] = h"h,_.

Now we calculate the second derivative of F(¢) = 17(,7)(g(t) ,f() at t =0
assuming that F(n) is critical at the pair (g, f).
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Proposition 13.2. If F, is critical at (g, f), then

n)
(13.11)

d’F . _
“rO =2 [ (uty+ Suwar-2e-1) [ 7 am
dt M M

_2 /M[2u(h;df ®dy) - 2AV'Vh; —h'R))fv
+(QV, V-V Vb )EE fy1aM
+ /M IR S + KHIR, 1 + uhih7V 1 f
N CAATEY LA AN NN AR oY%

+{h"(29,V b~ V,V h) + SV H b,
r r [ v] 2
— V.,V + Vb T RIEE 1AM
Proof. We put
fO=f+tw+la+[].

Then differentiating (12.1) twice and using 4, = 0 and 2k, = h"h,, we obtain

(13.12)

d’F ipri i 3 .

2O = [ ukiH’ ~ k9 19,1 - duhidf @)
+2u(ldy i} +2(df ;do) )

+2{m "R, — k"R, +V'Vk, ~ 'V V]~ h'V K]

rY ity ity

ro 1 2 1 )
= VAT — ZIVAI" = 5V, VRLf
- %{4V,V,.kj’. —2V,V'k, —2h°(2V,V b, ~V,V h,)

r. i vj 2
— VY b+ 29 0, VR~ 29, h VRNEE f

+4(V'Vh; — hR) fy - 202V, V -V V' h )EE fy
+2'S(y’ +2f0)1dM,

where we have used ¢&'¢’/ V.h, ;= —éiviéj h, ;= 0, etc.

First we simplify terms in (13.12) which do not contain (h;;) nor (k).
Since

d’ - -
([ reram) o= [ v -0 w20 1am =0,
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we obtain
2 [ Wiyl +2df o))+ Sv* + 2f0)dM
=2 [ [-utpy + S0y + 2, +SfoldM
- Z/M[(—uAPy/ + SY)y +2¢f " 01dM

=2 / [(~uApw +*Sy)y — c(p - 1)f*2y*1dM .
M

As for terms in (13.14) which contain (k; j) , by the way analogous to (12.5) we
obtain

- /M[zﬂk”v,. 9, +206" R, - 9'Vk, ) 1
+ @2V, VK~V Yk )EE f1dM
- / 2N, dM = / (k7 — k" ¢'¢) + KhIN,, dM
M M
=/ 2% H, dM+/ KRN, dM =/ HRIN, dM
M M M
= [ EHI@IVT S+ @ wV SV, S~ PR+ 2 g )M,
because ‘A"’ satisfies 2k h" = h:’h'b(éiég +¢.¢}) and hence
mE'EV,(f'Leg,) =0,
iprj 2 iy rj 2
hh” 217 ni87) = b (21 g,)) -
Applying these to (13.14) and using
2/ KR (V9,1 + V.19, 0)dM
M
- / KAV f dM
M
- / (V9,47 + VY 7 49 K90+ hY a1 A,
M
we obtain the expression (13.11). Q.E.D.

Corollary 13.3. Suppose that *S of a compact contact Riemannian manifold

(M,n,g) is constant. If F,, ,, is critical at f = (vol(M , g))"'/", then

d*F .
(13.13) —‘}—t—z-(O)—Z/M(—uAPu/+(2—p) Sy)ydM .

Proof. By (12.8) we get *S = cf?~%. Putting h = 0 in (13.11), we obtain
(13.13). Q.E.D.
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Corollary 13.4. Suppose that *S of a compact contact Riemannian manifold
(M,n,g) is constant and that & is a Killing vector field. If F(”) is critical at

(g, f), with f=(vol(M,g))~""7, then
(13.14)

2
‘z—tf(o) = Z/M(—uA,,w +(2-p)'Sy)ydM + 4f/M(h;vw)dM

+V VR + 28V h h

irjs sr i i"rj
2 2
+3IVehI" ~ 3IVAITTdM .

Proof. Since ¢ is a Killing vector field, operating h to (12.10), we obtain
h"R, ; = 0. By the Ricci identity we get

VVh =VVh +R.1-R _h

r ity iy si'"j jri'’s ?

+f* [ 2Inr’ + hH R
M

and hence

- / (W'Y VK +R'V Y H +V Y R dM
M

ry ity ity str Vi

s ir
itr’j irjs+vshrvih ]dM

- / 2h79,V K + KRR, — KRR
M

+V AV E 1AM .

irjs sr

- /M[—hjh’fR,. +hUH"R
Next, by V jéi = —¢j. , we obtain
2V, V-V, h, )EE
= 2"V h 6,8 + 20"V b &' ¢ — 20" h, 4,0
= 2h"h,;6,8] + 2£'V b h° ¢l + 207k,
=28'V.h h" 4],

2V, V,h -9, Vh )& =0,

roicy
AR A

kY hEE = hhiod” = Al
V,hVhES = —h"h, b76] = A .

Applying these to (13.11), we obtain (13.14).

14. UNIT SPHERES AS EXAMPLES

Let (S™, 8,) be the unit sphere. By A we denote the Laplacian with respect
to g,. The k th eigenvalue A, of the Laplacian A acting on functions on the
unit sphere (S™, g,) is

Ae=k(m+k-1), k=0,1,2,...,
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with multiplicity 6(4,); 0(4,) =1, 8(4;) =m+1 and
6(4,) C, Cia» k=2,3,....

Let V, denote the eigenspace corresponding to A, . If m = 2n + 1, then V,
has the following orthogonal decomposition:

= m+k Sk T mik—2

(14.1) Ve=Vext Vot + Vi koo

where [k/2] denotes the integral part of k/2, and for y € Ve k=24

(14.2) &y +(k—29) 'y =0

holds, where ¢ denotes the Killing vector field associated to a standard contact
structure 7 on S (Tanno [14]).
As mentioned in Remark in §12, for m=2n+1, F(

(vol(S™, g,)) "'/ (13.13) implies

n.go) 1S critical at f, =

d*F 8(n
Z2200) =
dzz( )

+1)
. /Sm(—APt//—Zm//)y/dSm .

We may call ¥, defined by
¥=-A,-2nld=-A+L.L,-2nld,

the Jacobi operator corresponding to F( ng) " By (12.4), ¥ acts on the space of

functions y on S™ satisfying [, wdS™ =0.

Theorem 14.1. Let (S™,7,g,), m = 2n + 1, be the unit sphere with a standard
contact structure n, and let ¥ be the Jacobi operator at f, = (vol(S™, g,))™""”
corresponding to F, o - Then, the stability of F, o0 @ Jy (e, d*F(0)/dt* >
0) is supported by

(i) ¥=0 for Vv,

(ii) ¥ is positive for V., k > 2.

Proof. Let y € V,. Then A, = m and (14.2) give
Yy =my—-y-2ny=0.
Next,let w €V, 5> k > 2. Then (14.2) implies

Yy = k(m+k - 1)y — (k - 29)°w — 2ny,

and the eigenspace decomposition by ¥ corresponds to (14.1) canonically.
Since
k(m+k—1)—(k-2g)*=2n>2n(k - 1),

¥ is positive for ¥V, with k >2. Q.E.D.

Next we consider (S™, 8,) With m = 4r+3. This space admits three Killing
vector fields {6“) ’6(2) ,6(3)} , which are orthonormal and satisfy the following
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(cf. Tanno [15, 16], etc.)

(14.3) [ > 68)] = 25)
(14.4) Pt = ~p)o@ = i)
(14.5) PP~ Ca) @ Mgy = ~P(p)Pe) T E(8) @ M) = D5

where {a, f,y} is a cyclic permutation of {1,2,3}, and ¢(a) = —Vt'(a) and
80(S(a)» X) = M,y (X). Each 7, is a standard contact structure on S™, &)
We denote g =g, and ¢ = é(l) . Now we define & by

+ Wty ® M) + 13 1)
where v and w are functions on S™. Then

r r ;s
(14.7) h,& =0, hij + h’s¢i¢j =0

are verified. We notice here that any 4 defined by using only N2 and N3y
and satisfying (14.7) is of the form (14.6).

Let w =0 or y € V|. Notice that y € V| implies VVy = —yg. We
consider the following deformation:

gt),; =g, +th, +[1,  f()=f+tw+[F].

Then the first two terms of the right-hand side of (13.14) vanish. So, we calcu-
late quantities in the third term of (13.14). First we obtain

(14.8) 1Al = 2(v* + w?) .
Since g, is of constant curvature 1, we get h/h"R, s = —||k|* . Operating V
to A, j» We obtain

(14.9) V. hy; = v(Ba)ifla); + N2)ib 2y = Pyl ~ N3y

+W( b)) + M2ifayri + Parilla); + 13i%ay)

+ V010N = Nayifl),) + VW (M) + iayMl),) -
Therefore we obtain

r
Vb = QU + 83wl + (=85 + {5 W)

(14.10)

/S VYA AM = - /sm[”(f(z)f(z)” %Y

+ W8 W + &3¢ w) — 4w -Ev]dS™,

r
¢V by = (2v +EW)(Ma)iMs); + Nzl ))
+ (—2w + f’v)("(z)iﬂ(z)j - '7(3),'77(3)j) s
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(14.11)
/ IV kI dS™ = / [8(v? + w?) — 16w - Ev — 20&&v — 2wEw]dS™,
sm Ssm

(14.12) / &V, h" gl dM =/ [4(v® + w?) — 4w - Ev]dM,
sm Sm
(14.13)
/ VA2 dM = / [4(2n + 1) + w?) — 16w - Ev — 20Av — 2wAw]dM .
Sm Sm

Substituting (14.8)—(14.13) into (13.14) we obtain
2
(14.14) ‘Z—tf(O) = fj/ [4(3 — n)(v® + w?) — 4w - v
sm
+ ’U(A’U - éév - é(z)é(z)v - 6(3)6(3)1])
+w(Aw = E&w — &, ¢ 0w — &3¢ 5 W) ds™ .

Theorem 14.2. Let (S ,7, &), m =4r+3, be the unit sphere with a standard
contact structure n. Then the instability of F(”) at the critical pair (g,,f;),
fo = (vol(S™, go))_'/” , is verified, for example, by the variation vector (h,y),
where

(i) w=0o0ryeV,;

(ii) h is defined by (14.6) with v € Vi k=24 and w = (1/(k — 2q))¢év such
that

(@) k—=2¢>5,if m=3,

(b) k=2g>1,ifm>17.
Proof. We can see that the third and fourth terms in the integral of (14.14)
are nonpositive, and, if m = 3, they vanish. Let v € V}(’k_2q. Then &&v =
—(k — 2q)zv ,and w = (1/(k — 2q))¢v satisfies

/ wrdS™ = (k - 2q) / (v)2ds™
m sm

= k-0) [ (-vzgv)as™ = [ o'as”.
Sm Sm
Therefore, (14.14) gives

sz 2 2 m
(14.15) 7(0)54]}, /Sm[2(3—n)—(k—2q)]'v as™ .

(14.15) shows that the situation for n > 3 is somewhat different from the

situation for n = 1. If n =1, one needs to choose k so that kK —2g > 5 for
the negative second derivative. Q.E.D.
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